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Abstract 

' We classify the hadron light-cone wave-function amplitudes in terms of parton helicity, orbital 

■ angular momentum, and quark- flavor and color symmetries. We show in detail how this is done for 

the pion, p meson, nucleon, and delta resonance up to and including three partons. For the pion 
pi |. and nucleon, we also consider four-parton amplitudes. Using the scaling law derived previously, we 

\ show how these amplitudes scale in the limit that all parton transverse momenta become large. 
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I. INTRODUCTION 



Although the hadron structure is beheved to be described by the fundamental theory of 
strong interactions — quantum chromodynamics (QCD), the actual solution of the problem 
is notoriously difficult to achieve. Apart from numerically solving QCD on a spacetime 
lattice, there is no other systematic theoretical approach that has been very successful. The 
closest might be the light-front quantization approach in which the old-fashioned method 
of diagonalizing a hamiltonian is followed 0, 01 . The conceptual advantage here is obvious: 
Hadrons are described by light-cone wave functions which have clear physical meaning and 
are very useful phenomenologically, whereas in lattice QCD the natural language is classical 
gluon configurations, such as instantons and monopoles, in the Euclidean space. As to why 
light-cone quantization is superior compared to equal-time quantization, we just wish to 
point out that the vacuum structure in the former approach, which consists of just A;"'' = 
particles, can be easily separated from the part of the hadron structure consisting fc"*" 7^ 
particles. Moreover, in high-energy scattering hadrons travel at the near speed of light, and 
the light-cone coordinates appear naturally. 

To be sure, there are many difficulties that one must clear before a realistic light-cone 
description of hadrons becomes possible. One of them is that hadrons are now described by 
an infinite number of light-cone Fock amplitudes, and there is no apparent reason why the 
amplitudes with 100 partons (quarks and gluons) are strongly suppressed relative to those 
with 2 or 3 partons. The answer, of course, depends on the choice of gauge, ultraviolet and 
infrared cut-offs, and ultimately the underlying QCD dynamics. One way to check is to 
truncate the Hilbert space first to including the partons to a maximum number n and then 
to determine how the solution changes when the Fock components with n + 1 number of 
partons are included. The optimistic view has been that since the constituent quark models 
work so well phenomenologically, there must exist a light-cone description of hadrons in 
which only the Fock components with a few partons are necessary. In high-energy exclusive 
processes, we know for sure that only the wave-function components with a few partons are 
relevant. 

In the light-front description of a hadron, the very first step is to classify independent 
wave-function amplitudes given a particular parton combination. To our knowledge, there 
has not been much systematic study in the literature along this direction. In Ref. j^, we have 
proposed an approach by writing down the matrix elements of a class of light-cone-correlated 
quark-gluon operators, in much the same way that has been used to construct independent 
light-cone distribution amplitudes in which the parton transverse momenta are integrated 
out In Ref. 0, we have applied the approach to the nucleon, finding that six amplitudes 
are needed to describe the three-quark sector of the nucleon wave function. However, using 
the approach to handle Fock states with more partons appears to be complicated. 

In j6[, we have developed a more direct method to write down the general structure 
of the light-cone wave function for n partons with orbital angular momentum projection 
Iz- We have also found a general power counting rule which determines the asymptotic 
behavior of the light-cone amplitudes when the transverse momenta of all partons become 
large. From the wave-function counting rule, we have derived the dimensional scaling law 
for high-energy exclusive processes including parton orbital angular momentum 0, 1^. In 
this paper, we report further progress in this direction. In particular, we use the method to 
classify the higher Fock components of hadrons. We will consider in detail how the fiavor 
(for quarks) and color degrees of freedom of the partons are systematically coupled. We 
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will write down the amplitudes for the pion and proton up to four partons. We also work 
out the leading light-cone wave functions for the A and p meson, leaving more complicated 
cases for the readers. 

Based on our work here, one can go on to parameterize the light-cone wave function 
amplitudes and fit to the experimental data. Although the amplitudes thus determined are 
phenomenological, they can be made to obey the asymptotic behavior at large transverse 
momenta p|. Therefore, our result can provide guidelines for phenomenological studies for 
exclusive processes jiiliy, U, By committing ourselves to the light-cone amplitudes, we 
are also committing to the light-cone gauges ■ Il4l|. O ne subtlety about the light- 

cone gauge is that it requires additional gauge fixing Il6l |17[ • Depending on whether the 
additional gauge condition is time- reversal invariant or not, the wave function amplitudes 
are real or fully complex. In the latter case, the final state interaction effects might be 
included in the amplitudes BIIIH |2l|. A related issue is that the light-cone amplitudes 



have light-cone singularities at small x which require regularization. 

Our plan of the presentation is as follows. We start in Sec. II by describing a general 
strategy to classify the independent wave-function amplitudes for a hadron state with a 
specific parton content. In Sec. Ill, we apply this method to write down the amplitudes of 
7r+ for up to four-parton Fock components. We extend these discussions to p mesons in Sec. 
IV, where the amplitudes up to three-parton Fock components will be given. In Sec. V, 
the proton wave-function amplitudes for three-quark and three-quark plus one-gluon Fock 
components will be presented. The leading results for the delta resonance will be given in 
Sec. VI. The final section contain a brief summary and outlook. 



II. GENERAL STRATEGY AND SYMMETRY CONSTRAINTS 

In this section, we discuss our general strategy in classifying and enumerating the hadron 
light-cone amplitudes. The goal is to find a simple and general way to write done all possible 
light-cone amplitudes of a hadron once a parton content is specified. In Sec. II. A, we explain 
our notation and convections. In Sec. II. B, we consider the helicity and angular momentum 
structure of a general Fock component. In Sec. II. C we make general comments about flavor 
and color structure. In Sec. II. D and E, we consider the parity and time reverse constraints 
on the light-cone wave function amplitudes. 



Notation 



We work in the framework of light-cone (or light-front) quantization 0,0]. The light- 
cone time and coordinate x~ are defined as x^ = 1/V2{x^ ± x^). Likewise we define 
Dirac matrices 7^ = l/v^(7° ±7^)- The projection operators for Dirac fields are defined as 
P± = (1/2)7^7^. Any Dirac field ip can be decomposed into ip = ip^ + ip- with %l)± = P±ip. 
ip+ is a dynamical degrees of freedom and has the canonical expansion. 



+dl{k)v{kX)e'^''^^'-^^<^A , (1) 
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where b^{b) and S{d) are quark and antiquark creation (annihilation) operators, respectively. 
We adopt covariant normalization for the particle states and the creation and annihilation 
operators, i.e.. 



{b,{k),bl{k')} = {d,{k),dl{k')} = {27r)'5,y2k+S{k+ - k'+)S^'\k^ - fcl 



(2) 



where A is the light-cone helicity of the quarks which can take +1/2 or —1/2. We ignore 
the masses of the light up and down quarks. Later, to simply the notations, we simply use 

and to represent creation operators for up and anti-up quarks, respectively, and so on. 

Likewise, for the gluon fields in the light-cone gauge A'^ = 0, A± is dynamical and has 
the expansion. 



d'^k± dk~^ 
(27r)3 2k+ 



J2 \ax{k)e{k\)e- 



A 



-i(fc+r-fcx-s±) 



+al{k)e*{kX)e 



(3) 



Implicitly, the gauge fields is a traceless 3x3 matrix with A^ = Yla A°''^T"-, where are 
the SU{3) Gell-Mann matrices satisfying [T'',T^] = if'^bcrp'^ and {T'',T''} = ^Sab + dabcT". 
Again, we have the following covariant normalization for the creation and annihilation op- 
erators for gluon. 



axik),a{,{k')] = {2nf5xx'2k^5ik^ - k!+)5^^\k^ - k'^ 



(4) 



Later, we simply use g'^ to represent a gluon creation operator, ip^ and A are dependent 
variables, which can be expressed in terms of and A±_ using equations of motion jl3l |. 



B. Angular Momentum Structure 

For a given parton content, i.e., a specification of quarks, antiquarks and gluons, the 
light-cone amplitudes of a hadron with helicity A can be classified in terms of the total 
parton light-cone helicity A. The angular momentum conservation then demands that the 
partons have angular momentum projection = A — A. Let us find the angular momentum 
structure of the amplitudes satisfying these conditions 

Suppose a Fock component has n partons with creation operators Jj, where the par- 

tons can either be gluons or quarks and the subscripts label the partons' quantum numbers 
such as spin, flavor, color, momentum, etc. Assume all color, flavor (for quarks) indices have 
been coupled properly using Clebsch-Gordon coefficients (see next subsection). The longitu- 
dinal momentum fractions of the partons are Xi {i = 1, 2, n), satisfying Y17=i ^« ~ 
the transverse momenta fci_L, knj_, satisfying = 0. We will eliminate knj_ in favor 

of the first n — 1 transverse momenta. Assume the orbital angular momentum projections 
of the partons are l^i, lz(n-i), respectively, and let = J2i=i ^zi^ then 

+ A = A , (5) 

where A = Ym=i total parton helicity. Without loss of generality, we assume 1^ > 0; 

even then, l^i can have both signs. Thus, a general term in the hadron wave function 
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amplitude has the structure 

, n 



i=l 



where k^^ — kf ± k^ and the +(— ) sign apphes when l^i is positive (negative), and 

d[i\ = dxi(fki±/{V2x'i{27rf) 

with the overall constraint on Xi and ki± implicit. 

The above form can be further simplified as follows. Assume l^i is positive and l^j negative, 
and Izi > \lzj\, we have 

= {kty"+'^^{h± ■ k,^ - le'^^h^k.p)-'^^ 
= (00 + , 

where = 1,2, 0o,i are polynomials in A:,^^, A;|_|_, and ki_[_ ■ kj±. On the last line of the 
above equation we have used the identity t^'^t^^ = 5^'^5^^ — 5°'^5^'^' . If Izi + Izj 7^ 0, one can 

use ie"^/ciQ,A;2/3^il = • ^2±^ij_ — • ^i±^2± ^o further reduce the second term in the 
bracket. Following the above procedure, we can eliminate all negative Izj, a general > 
component in the wave function reads 

n 

X[d[t\ {ktj'^{ktj'\..{ki_,^j^^-^) 

( ^ 

^\iJn{xi,ki,\i,l^i)+ ie'^'^kiakjf:jiJn{ij){xi,ki±,Xi,lzi) \ ala2---«n|0) (7) 

\ i<j=l\i,i=i,j=o / 

where - Izi = and Izi > 0, and the sums over i and j are restricted to the Izi = partons. 
The above equation is our starting point to write down independent light-cone amplitudes. 



C. Flavor and Color Structure 

For a given quark content, we classify the amplitudes in terms of the flavor symmetry. For 
instance, for the pion state, we need to project out the Fock component with the total isospin 
1. The problem becomes more involved if a Fock state contains many quark- antiquark pairs 
because there are more than one way to construct the states with the definite isospin. 

Our general strategy is as follows: we first consider all possible ways to construct the 
same isospin. We then use the freedom that the labels of the quark partons are arbitrary 
to shuffle the particles around. If after the shuffling, the flavor content of a combination is 
identical to the one considered before, the combination is ignored. For example, consider 
udqq component of a tt"*" particle. The qq can either couple to / = 1 or / = 0. It turns out 
that the combination coupled to / = 1 is not independent after reshuffling of the particle 
label. 

All the hadrons are color neutral. Therefore, we couple all partons to color singlet. All 
possible ways of making the coupling must be considered. 
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D. Parity 



Consider a hadron moving in the z-direction with hehcity A, |PA). Under parity trans- 
formation, the momentum changes the direction, and the hehcity changes sign. However, if 
we make an additional 180° rotation around the y axis, the original momentum is restored, 
and we have a state |P — A). According to Jacob and Wick [22], we have, 

(-1)^-\|P-A) =f|PA) (8) 

where F is a parity operation followed by a 180° rotation around the y axis, and rj is the 
intrinsic parity of the hadron. 

For a particle state with non-zero helicity, the above equation allows one to obtain the 
wave function of the state with helicity (—A) from that with helicity A. On the other hand, 
for a particle of zero helicity, the above equation can be considered as a constraint on the 
wave function. 

When Y acts on the individual partons, the transformation is 

(—1) rj\kx^ —ky^kz^ —\) = Y\kx^ky^kzi \) (9) 

where the intrinsic parity for a quark is -|-1, an antiquark —1, and a gluon —1. For instance, 
for a u quark state, 

Y\u^) = \u^), Y\u^) = -\u^), (10) 
where we have omitted the momentum label. For a d quark state, 

= -l^i), Y\d^) = \d^), (11) 
because of the opposite intrinsic parity. 



E. Time Reversal 

Time reversal usually provides constraint on reality of the wave function amplitudes. 
Under the transformation, however, the light-cone time and coordinate interchange. To 
preserve the original light-cone coordinates, we consider the combined time-reversal and 
parity. 

The light-cone gauge condition is invariant under the combined transformation. However, 
= does not fix the gauge freedom completely, additional gauge fixing must be specified. 
Physically the additional gauge fixing corresponds to a choice of boundary conditions for 
gauge fields at C," = ±oo. If one chooses the antisymmetric boundary condition, A±{C^~ = 
—oo) = —A±{C,~ = oo), which is invariant under the combined transformation, then one can 
show that all light-cone wave function amplitudes are real (principal- value prescription). On 
the other hand, if one chooses either advanced or retarded boundary conditions Aj_{C,~ = 
±oo) = 0, the combined transformation is broken, and the wave function amplitudes are 
complex. 
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III. WAVE-FUNCTION AMPLITUDES FOR THE PION 



In this section, we classify the hght-cone wave-function amphtudes for the 7r+ meson up 
to and including four partons. The amplitudes for other isotriplet members can be obtained 
by using the isospin lowering operator. The pion is a pseudoscalar meson with spin J = 
and parity P = —1. These quantum numbers are necessary constraints when the light-cone 
wave function amplitudes are constructed. 

A pion moving in the z direction has the following transformation under Y, 

f|7r+) = -|7r+) . (12) 

Every Fock component we write down must have this symmetry. 

In the following subsections, we present the wave-function amplitudes of vr"*" up to four- 
particle component Fock states, i.e., ud, udg, udgg, and udqq. Related studies on the 
light-cone distribution amplitudes for vr mesons can be found in 



A. The ud Component 

For this component, n = 2, and the total quark helicity A can be either or 1. The isospin 
does not provide any additional constraint. From Eq. (|7j) we can have two wave- function 
amplitudes, corresponding to = and \lz\ = 1. They have been discussed in and many 
other references before. For completeness, we present the results here, 

= / d[l]d[2]^^^{l,2)^ [4(1)4(2) -t.|,(l)4(2)] |0) (13) 

k^)lt' = I rf[l]rf[2]^(5(l,2)^ [k-^u\,{l)d\^{2) + A:+X.(1ML(2)] |0) , (14) 



where i and j = 1, 2, 3 are the color indices, and t and J, label quark light-cone helicity 
+ 1/2 and —1/2, respectively. The color factor dij/y/S is normalized to 1. The amplitudes 

V'^j (1,2) are functions of quark momenta with argument 1 representing Xi and ki± and 



so on. The dependence on the transverse momenta is of form ki± ■ kj± only. Since the 

— # — # (12) 

momentum conservation implies ki± + k2± = and Xi + X2 = 1, ip^j (1,2) depend on 
variables xi and klj_ only. The integration in the above equation become, 

/ dm2] = I 



d kij_ dxi 
(27r)3 2v/^r(r^^ ■ 

(1 2) 

It is easy to check that the amplitudes ip^^ (1, 2) have the correct transformation behavior 
under Y. 



B. The udg Component 

For this component, n = 3, and total parton helicity A can be 0, 1, or 2. Therefore, the 
light-cone wave function amplitudes must have \lz\ =0, 1, or 2. Again isospin symmetry 
does not provide any constraint. 
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To satisfy the constraint from parity, we consider the ud pair with definite properties 
under the Y transformation 

\t _ „,t n M\ , „,t /.x-t 



M)ko = S.(l)S(2)+^Ml)^b-(2) 

{ud)l, = 4(1)5|^.(2)-«|,(1)4(2) 

iud)\, = 4(1)4(2) , 
(ud) 



4(1)4.(2 



It is clear that 



Yiud)l.\0) = iud)l.\0), Yiud)lJO) = -(ud)l_jO) 



(15) 



(16) 



where we have neglected the transformation of the momentum labels. On the other hand, 
the one-gluon state transforms under Y 



Y\gx) = -\g-x) 



(17) 



because the gluon is a vector particle. 

There is only one way to couple the color indices. The quark and anti-quark (with color 
indices i and j) couple to an octet which in turn couples to the octet gluon (with color index 
a) to yield a singlet. The coupling can be achieved with an SU(3) matrices 7^". 

When Iz = 0, the helicity of the quarks must be A„j = ±1 because = =f1- From Eq. 
(jZj) we have two independent amplitudes. 



^ udg 



dllWm'-f U^X^W^ {ud)\,g1\3) - {ud)\^,g;\3) 



udg 



+ie'^^h^k,pi^f^^{l, 2, 3) \{ud)\,gf{?>) + {ud)\_,gf {?>)] ] |0) , (18) 



where a, f3 = x,y are the transverse indices. Again the color factor is normalized to 

unit. The above state obey the right transformation under Y because the wave-function 
amplitudes are invariant when all ?/-components of the parton momenta change sign. 

When 1 = 1, the total quark helicity must be A^j = again because Xg = ±1. We can 
write down 4 independent wave-function amplitudes. 



udg 



dllWmf {4|(1,2,3) [ktAud)lX^{3) - k-^M^^.g^^S) 



+4|(1,2,3) [ktAud)%9Ti^) - k^^{ud)%g;\3) 
+4|(1,2,3) [kt^{ud)lXH^) + k;^{ud)l,gf{3) 



t «t/ 



+45^(1, 2, 3) [ktA^^d)l,gl\3) + k,^{ud)l,g;\3)\ | |0) 



(19) 



Finally, when {l^ 
amplitudes 



2, the total quark helicity A 



ud 



±1, and Xg = ±1. We have 3 



udg 



• ij 



d[l]d[2]d[3y-^U^jUl,2,3) ktX^{ud)\_,g'y{3) - k-^k-^{ud)\,g';\3) 



\t at/ 



+45 (1, 2, 3) kt^ktAud)\_,gf{3) - k-^k,^{ud)\,g;\3) 



a]. 



udg 
.,(9) 



+4^^(1,2,3) fc+A\(«rf)4i4(3)-A:-^fc2±(«rf)44(3) | |0) . 



(20) 
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Summing up, we have a total of 9 independent light-cone amplitudes for the pion component 
with 3 partons. 



C. The udgg Component 

For this component, the helicity of the two-gluons can be Xgg = 0, ±2, and that for 
quarks A^j = 0, ±1, and so \lz\ = 0, 1,2, or 3. To make the Y transformation simple, we 
combine the two gluons in the similar way as we did for ud in the last subsection, 

(99)1,0 = 9UMb(^) + 9laiMbi^) ' 
i99)io = 9U5)gl('^) - 9UMbi'^) ' 
(99)1,2 = 9UMbi'^) ' 
(99)1,-2 = ^7la(3)^7{,(4) , (21) 

where the subscripts A and S indicate that there is a factor —1 and 1, respectively, under 
the Y transformation. 

There are three different ways to couple the color indices of the two quarks and two gluons 
to form color-singlets. If the color indices for the two quarks are i and j and those for two 
gluons are a and b, we have the singlet combinations: fabcT[j, dabcT[j, and SabSij. The last 
two are symmetric in the color indices of the two gluons, while the first one is antisymmetric. 
In the following, we only present the results for the color coupling Sab^ij (the quark pair and 
two gluons are both color-singlet), and those for the other two couplings can be obtained 
similarly. 

To maximally utilize Bose symmetry between the two gluons, we will eliminate the mo- 
mentum of the up quark (labeled by 1 below) in favor of the momenta of anti-down quark 
and the two gluons. 

For /j, = 0, the only possible parton helicity combination is Xgg = and A„j = 0. In this 
case, we have 6 independent light-cone amplitudes following Eq. 

rf[l]ci[2]rf[3]d[4]^ {^2^^(1,2, 3, 4)(n5)!,,o(^,^)^,o 



+V^il(l'2,3,4)(«rf)t (^^)t 



udgg^ 

+^e"'^fc2afc3/3V^i|^(l, 2, 3, 4){ud)l,{gg)l, 
+te'^^h^hp^l^jjl, 2, 3, ^){ud)l^oi99)l,o 
+te''^k2aksp^P^X^l, 2, 3, mud)\,oi99)\,o 

+^e"^fc3.A:4/.V^il(l, 2,3, 4)(«rf)|,, (<?<?)!,, I |0) , (22) 



udgg ^ 

where we have used the symmetry between two gluons (3 ^ 4) to reduce the number of in- 
dependent amplitudes. For example, ie"^A;2a^4/3 can be obtained from ie"^/c2a/c3/3 by 3 and 4 
exchange, and so the former is not independent. This property is general for all of the light- 
cone amphtudes of udgg component, and will be used throughout the following classification. 
Because of (anti)symmetric properties for the two gluons, the above amplitudes have the fol- 
lowing symmetry: ^^(^^(1, 2, 3, 4) = ^^^^^ (1, 2, 4, 3) and ^^^(l, 2, 3, 4) = -V^^^) (1, 2, 4, 3). 
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For \h 



1, the parton helicity has two possible combinations: cither A 



aa 



and 



A„j = =f1) or Xgg — =p2 and A„j = ±1. For the first case, we have 8 independent amphtudes, 



|7r+) 



IM=i 

udgg 



= / d[l]d[2]d[3]d[4]^^ { 



24 



2, 3, 4) K^{ud)\Agg)l, + k-^{ud)\Agg) 



udgg 
',(8) 



5,0 



+^15^^(1, 2, 3, 4) [ktAnd)\^,{gg)\o + fc3±M)A,i(^?^?)ko 
2, 3, 4) k\(W)^,_,(^^)l4,o - k-Aud)\,{gg)\, 



udgg 

.,(11) 



^^±M)a,-i(^^)!i,0 - ^■3±M)a,i(^^)a,0 



(23) 



+ie"^A;3aA;4/3^ijgg(l, 2, 3, 4) [kiA^^d)\ _^{gg)lQ - k-Aud)\ i{gg)l f^ 
+ie'^^k2ak,p^^^^l{l, 2, 3, 4) [ktA^d)\^-ii99)s,o - K±M\A99)1,o 
+ie"'^/c3„A;4^^|^^|'^(l, 2, 3, 4) k+Aud)\ _^{gg)\^^^ + /c2±M!i,i(^^)!i,o 

+ie"%a/^4/jV'iX^,(l,2,3,4) [/^3\MA,-l(^^)A,0 + ^3lMkl(^^)ko]} |0> , 

where the 3 <-> 4 symmetry again plays an important role to reduce the number of inde- 
pendent amplitudes. For the second case, A^^ = ^2 and A„j = ±1, we find 4 independent 
amplitudes: 



|7r+) 



iy=i 

udgg 



d[l]d[2]d[3]d[A]—^{ 



^(15) 



24 



2> 3, 4) ktAud)\Agg)l _^ + k^Aud)^j^ _^{gg)\.^ 



2, 3, 4) fA;3\Mt,^,((7(7)^__2 + k 



+ie"^A;3«A;4/3V'l4^^(l,2,3,4) 
+ie"%„A:4/3^lXl^^'2'3'4) 



(24) 



The Bose symmetry implies the following constraints: -0 



(7,13,15) 



5,2 



^S»«(1.2.4.3).a„d^.S^''">(1.2,3.4) = -V.S^''-'' 

For \lz\ = 2, the parton helicity must be A^^ = ^2 and A„j = 0. We find 12 independent 
amplitudes 



udgg 



|0). 
(1,2,3,4) = 



-^:xr'^(i,2,4,3). 



\h\=2 
udgg 



d[l]d[2]d[3]d[i]^-^ { 



24 



(19) 



(1, 2, 3, 4) [/i;J^/i;^i(W)^_o(^f )5,-2 + h±h±iud)A,o{99)s,2 



^' ^' ^) [^?±^?±(^^)ko(f f )5,-2 + k2±K±('^d)\ o{gg)l .2 
2' 3' 4) ^^±^^±(«^)a,o(^^)5,-2 + ^3±^3±(«^) 11,0(^^)5,2] 
2, 3, 4) [/^3\^4\(«^)a,o(^^)5,-2 + K±K±M\,oi99)l,2] 
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kt±K±iud)A,oi9 9)1,-2 - K±K±i^J^)A,oi99)s,2 



^' ^' ^) [^2\^^±(«^) 5,0(^^)5,-2 - ^2^^31(^^)5,0(^^)5,2 

+^iSs(l' 2' 3, 4) k^±k^^{ud)lo{ggys _^ - k^^k^^{ud)lo{99) 
+Ol'2'3,4) 



(25) 



'^3±'^4±^ 



5,2 

)5,2 



M)5,o(ff)5,-2 - hi.kiA'^d^Q^gg)] 
+i€''f^k3ak4p^^^Pgg{l, 2, 3, 4) k^^k^^{ud)l^oi99)s,-2 + ^2"±^2"±(«^) 5,0(^^)5,2] 
+ie«%.A;4/3^1|^^(l,2,3,4) [/c3\A;3\(i.d)i^o(^^)^^_2 + /^a-^/^g-^ (1.^)^,0(^^)5,2] } 1 0) ■ 



The Bose symmetry yields the following constraints: 



(19,22,25,28) 
udgg 

For \h\ : 



(1,2,4,3) and (1, 2, 3, 4) 



(23,29) 
udgg 



(1,2,4,3). 



3, the parton helicity must be A^^ = ±2 and X^^^ = ±1. We find 8 independent 



light-cone amplitudes 



',(31) 



ab 



{ 



2, 3, 4) {kt^nud)\_Ml_, + {k^^YM^Ml, 



2, 3, 4) [{kt^f{ud)l_Ml_, + (k;^r(ud)\^r(gg)l2 
+^^12,(1' 2, 3, 4) [{kt^rktAud)\^-Ml-2 + {k2±)%±{ud)\i{99)U 
+^^12(1, 2, 3, 4) \{kt^fktAud)\Agg%. + (/^3-J'^2l(«^)!4,i(^^)y (26) 



udgg 
-(35) 



fl,2,3,4) (A:3\)'^4\(«c?)Ii,_i(^7^?)^,.2+ (/^3±)'fc4±(«rf)ki(^?^?) 



+^iS9(l' 2' 3, 4) [/sJx^^±^l±(^*^)Il,-l(^^)5,-2 + ^2"1^3"1^4±(^*^)Il,l(ff )5,2 

+ie"^fc3aA;4/3^iJ^^(l,2,3,4) [(A:2\)-^(«rf)l4,-i(^?^7)k-2 " {k,^)\nd)\,{gg)l,\ 
+ie^Pk2.k,p,l^^X^l, 2, 3, 4) [{kt^nud)\_,{gg)l^_, - {k^^)\ud)\,{gg)^ } 



5,2 



The Bose symmetry implies the symmetry relations: 'j/'^j^'^^'*(1, 2, 3, 4) = ip^^^^^\l,2,4:,3) 



and^2.(l,2,3,4) = -^:,^^fl,2,4,3) 



(37) 



udgg 



udgg 



udgg^ 



Similarly, one can obtain the amplitudes when the quark pair and two gluons are in color- 
octet states. If the two gluons are symmetric in color, we have V'^j^^ with i = 39, • • • , 76, 
defined in the same way as the above equations except the color factor is replaced by 

with 



' ^dabcT^y When the two gluons are antisymmetric in color, we obtain V'^j^p 



i — 77, • • • ,114, again defined in the same way, except with the color factor 
Note that there are sign changes for the symmetry relations derived from Bose symmetry. 



1 £ rpc 

12 J ahc-l-ij- 
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Therefore, we have a total of 38 x 3 = 114 independent amphtudes for the Fock component 
udgg in tt"*". 

D. The udqq Component 

We first consider the up and down sea-quark fiavors. In this case, the following two fiavor 
structures have total isospin I — 1: 

ud{uu + dd) , 

{uu — dd)ud — ud{vM — dd) . (27) 

The first structure arises from the first quark pair coupled to isospin 1 and the second 
pair coupled to isospin 0. The second structure comes from both pairs coupled to isospin 
1. However, after some rearrangements of the particle labels, the second structure can be 
reduced to the first one, and hence is not independent. Therefore, we consider only the first 
isospin structure with all possible color and spin combinations. 

To simplify the Y transformation, we introduce the following combinations for the sea 
quark pair: 

= ^^{,(3)4(4)+^.{,(3)4(4) + 4(3M|,(4) + 4(3)^1,(4) , 
m\fl = <(3H(4)-<(3H(4)+ 4,(3)4(4) -4,(3)4(4) , 

mil = 4/^(3)4(4) +4(3)4(4) , 

(gg)l,_i = 4^(3)4(4) + 4,(3)4(4) . (28) 

We use them as basic building blocks in the Fock expansion. 

We can form two color-singlet structures from the four color indices i,j,k, and I: Sijdki 
and Sii6jk, where we have implicitly assumed that the first and third are quarks' and second 
and fourth are antiquarks'. The first structure corresponds to the state in which the two 
quark-pairs are both coupled to color-singlet, while the second corresponds to the state in 
which the two quark-pairs are in color-octet. The wave- function amplitudes for both color 
combinations are similar. 

The quark helicity has combinations A„j =0, ±1, and Xuu+dd =0; +1- Therefore we 
can have three different orbital angular momentum projection l/^l = 0, 1, 2. 

For Iz — 0, the quark helicity has the combination A„j = and Xu^+dd = 0, or A„j = ±1 
and Xuu+dd — -pl- Together, we find 12 independent amplitudes: 

\^^)uS- J diMdmsw]^-^ { 

^ll-(l' 2, 3, ^){ud)i,{qq)l,o + ^11-(1, 2, 3, 4)(i.d)^,o(??)ko 
+te"^h^k2^i,%-{l, 2, 3, m^^d)lom)io 
+ze^^h^hf,^l^l.{l, 2, 3, i){ud)loiQQ)s,o 
+ie^%ahp^l^%-(l, 2, 3, ^){ud)l^oms,o 
+ie'^^h^k,pi;^X{l, 2, 3, i){ud)%{qq)i. 
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+ie-^h^ksfs^l^^Jl(l, 2, 3, A){ud)Uqq)i. 



+ie^^h^k2(S^^^^Ul, 2, 3, 4) \(ud)\MQ)i-i + (ud)\_,(qq)''^^. 



udqq^ 
,(11) 



+^e"^A;ia/c3/3^ii^;(l,2,3,4) [{ud)\,{qq)\_, + M)!4,-i(gg)!4,i_ 
+ie«^A;2.A;3^Vi^^)_(l, 2, 3, 4) + {ud)\^_Am)\,] } |0) 



(29) 



Note that 5ij implicitly contracts the color indices in the ud pair and 5^1 contracts the qq 
pair. 

For \lz\ — 1, the quark helicity can either be in the combination A„j = and Xuu = — 1, 
^ud — ~^ ^iid ^uu — 0. Taking together, we find 24 independent amplitudes: 

.+\K.I=i _ 



TT ' 



' udqq 



d[i]d[2]dmA]^-4^ 



{ 



4) \ktA'^d)%{qq)\.i - KAud)\o{qq)\i 
4) [^i\(«^)s,o(?^)!i,-i + ^r±(«^)s,o(?^)A,i 

4) KA'^d)\-i{qq)\Q - KA'^d)\i{qq)\Q 



udqq 



'^'^ udqq^ 
~^'^udqq ^ 

'^'^ udqq^ ^ 
"^"^ udqq^ 
'^'^udqq^ ^ 

~^'^udqq^^ 
'^^udqq^^ 
'^'^udqq^^ 



4) /Ci\M)A_i(gg)L + k^^{ud)\ Jqq) 



5,0 



4) [^i(ii^)Ii,o(??)A,-i - k2±('^d)A,oiqq)A,i 

4) ^^±(Mt^)ko(9g)A,-i + K±i'^d)lo{qq)\^^ 

4) K±iud)\^-i{qq)s,o + K±i't^d)\i{qq)l^Q 
4) [^iM!i,o(?^)!i,-i -^3±Ma,o(9^)ai 

4) [^?±(^*^)5,o(?^)a,-1 + ^3l(^^)ko(?^)A,l 

4) K±iud)A,-iiqq)A,o - K±iud)A,iiqq)A,o 
4) [kt±i'^d)A,-Mq)s,o + K±iud)\,i{qq)s,o 

+ie"'^A;2a/c3/5^l5^,(l, 2, 3, 4) [ktA^d)\/qq)\_, + k-,^{ud)\,{qq)\, 

+^6"^/c2«/c3^V^i|^_(l,2,3,4) [ktA^d)lom\,-, - K±Mloiqq)A,i] 

+ie"'^A;2aA;3/3V'12.(l, 2, 3, 4) [/^^l(ii5)i,_i(g^)i,o + K±M\^i{qq)A,o 

kt±iud)A,-iiqq)s,o - K±iud)A,ii^q)s,o 



udqq^ 
udqq^ 



+^e"^fc2afc3/3^iSUl'2,3,4) 
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+^e"^h^hpiJ^;^^'^-{l, 2, 3, 4) [fc2\M)^,o(?^)A,-i + ^2"±M)!i,o(^^)a,i 



+ze"'3A;i„fc3^V^g_(l,2,3,4) 



+^e"^A;i„A;2^V^i5yi,2,3,4) 



For 1 = 2, the quark helicity must be A^j = ±1 and 



(30) 

±1. We have the following 



9 independent amplitudes 



' udqq 



d[l]d[2]d[3\d[Af-^ { 



(1,2,3,4) ktAtA^d)\-M)\-i - Ki.KA^d)\Aqq)\, 



udqq 
,(38) 



^2\^i.M)^^_i(gg)^^_i - A;2_LA;2i(^irf)!i,i(gg)A,i 



+^iS(l'2,3,4) [fc3\fc3\(^^)A,-i(?^)A,-i - Ki.KAn~d)\M)\i 
+^i^°)_(l,2,3,4) [fci\fc2\(nd)^^_i(gg)^^„i - A;r±^2"±M!i,i(?^)!i,i 

+^ii^,(i'2,3,4) [ktAtAnd)\^M)\^i - K±K±M\Aqq)a,\ 

+^iSl-(l'2'3,4) [ktAt±M\^-ii'lQ)A^i - K±KAnd)\A<N)\,i 
+^e"^fc2afc3/3^ij^^,(l,2,3,4) [/^+^/^+x(«5)!i,_i(gg)^,_i + k-A,Aud)\M)\i 
+^e"^^ia^3/3V^i55(l, 2, 3, 4) k^AtA'^d)\-i{<N)A,-i + ^2"±^2±M)Ii,i(^^)a,i 
+^e"^/ci„fc2^^i5)-(l,2,3,4) [ktAtAn~d)\-im\-i + fc3"±^3"±(^^)Ai(9^)!4,i 



(31) 



|0). 



In summary, we have found 45 independent amplitudes. Similarly, we have another 45 
amplitudes for the color structure \5ii5jk. Together, we have 90 independent amplitudes for 
the udqq component. 

The above formalism can also be used to construct the amplitudes for the udss and udcc 
components in vr"'". The total number of independent amplitudes are 90 in both cases. These 
amplitudes can be used to describe the intrinsic strange and/or charm contributions to the 
hadronic processes involving vr, e.g., J/ip ^ pn decays [2^ . 
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IV. WAVE-FUNCTION AMPLITUDES FOR THE /J+-MESON 



The method in the last section can be straightforwardly used to construct the light- 
cone wave-function amplitudes for the p mesons. Strictly speaking, the p meson is not an 
eigenstate of the QCD hamiltonian, it appears as resonances in, for example, vrvr scattering. 
However, we regard in the following discussion the p meson as if a bound state of quarks 
and gluons. The relevant studies of the distribution amplitudes for p mesons can be found 
in ^28i]. 

Because p is a vector meson, it has three helicity states, i.e., A = 0, ±1, corresponding 
to longitudinal (A = 0) and transverse (A = ±1) polarizations. The wave functions for 
the A = state can be obtained, in principle, from those of the A = ±1 states by using 
angular momentum raising and lowering operators. In practice, however, these operators 
involve complicated quark-gluon interactions in light-cone quantization, and the constraint 
becomes a very complicated equation involving all higher Fock states. Since we are interested 
in the components of few partons, we may regard the different helicity states as quasi- 
independent. Nonetheless, the A = — 1 state can be obtained from A = state using 
parity transformation. 

The wave-function amplitudes for the helicity A = state can be easily obtained from 
those in the last section, taking into account the difference on Y transformation property 
between vr and p, i.e.. 



r|p+,A = 0) = |p+,A = 0) 



(32) 



compared to Eq. (jl2|) . Hence the Fock expansion listed in the last section can be transformed 
to that of |p"'",0), except some signs must be changed. In particular, the total number of 
the independent amplitudes will be the same. 

For example, the two quark component for |p'^,0) has 2 independent amplitudes 



|p+,0) 



«z=0 

ud 



rf[l]rf[2]^W(l,2)— [n|,(l)4(2) + 4(l)d^, 



|0) 



(33) 



iy=i 

ud 



rf[l]rf[2]^. 



^^Hl 2) — 



,^«|,(1)4(2) 



A;+Xi.(l)4(2) |0). (34) 



Here we have used the same notation for the amplitudes, assuming no confusion will arise. 
For the udg component, we have 



«z=0 

udg 



rf[l]d[2]ci[3]:^j^«(l,2,3) iud)\,gl\3) + {ud)l^,g;\3) |0) 



t Ml 



at. 



+^e"^A;i„A;2^V^i|(l,2,3) \{ud)\^,gf (3) - {ud)\^_,g;\3)] ] |0) 



udg 



d[l]d[2]d[3y-f \ ^3 (1, 2, 3) k+^{ud)%g1\3) + k-^{ud)%g';\3) 



[ktA^d)\X{3) + k,Aud)\,gf {3) 
+^:i(l,2,3) \ktAud)l,gf{3)-k~Aud%^,g;\3) 



udg 

udg ^ 
,(6) 



+^%{l.2,3) k^Aud)l,gl\3) - k,Aud)l,g';\3) \ \0) 



(35) 



(36) 



15 



t at/ 



+^^2^(1, 2, 3) A;+^A;2\M)i,_i^f (3) + k-,^k:^^{ud)\,gf {3) 



(3) + k,^k,^{ud)^^^,g';\3)] } |0) . 



(37) 



We will not repeat the cases for four partons. 

The helicity A = 1 p-meson state, |p+, 1), can be constructed similarly. For example, the 
component defined 4 independent amplitudes, corresponding to Iz = 0, 1, 2, 



d[l]d[2]^«(l,2)i= [4(1)4(2)] |0) 



(38) 



= J diim |A;;i4f (1,2)-^ [4(1)4(2) +4(1)4(2) 



+A;,\V'2(1,2)-^ [4(1)4(2) -4(1)4(2)J I |0) 
y (i[l]d[2](^+jV2(l,2)-^ [4(1)4(2)] |0) • 



ud 



(39) 
(40) 



Here again we use the same notation for the wave-function amplitudes although they can 
be very different from those in the A = state. In fact, even the number of independent 
amplitudes for a given number of partons is different. 

For the udg component, the parton orbital angular momentum can be Iz — —1,0,1,2, 
and 3. For 1^ = 0, we find 4 independent amplitudes 



1^ ' 'udg 



+ 



d[l]d[2]d[3]f I (4i;^(l, 2, 3) + ze"^fci„fc2/54|(l, 2, 3)) [(«rf)^X^(3) 
4|(1, 2, 3) + ie^''k^ak2pi^^X^l, 2, 3)) [(W)^,o^f (3)] } |0) . (41) 



For L 



■1, we have 2 independent amplitudes 



d[l]dm3]'-f {45 fl,2,3) k-^{ud)\,g'{\3) 



+41(1,2,3) [k-^{ud)\,gf{3)\]\Q) 
For = 1, we have 4 independent amplitudes 



(42) 



+ ^\lz=l 
udg 



d[l]dm3Y-f {A:+^45^(1,2,3) [(«ci)^,i4(3) + {ud)\_,g';\3) 

+^2\V'i5,(l,2,3) [{ud)\,gf{3) + (W)4,5f (3)^ 
+fc,\45^(l,2,3) [{ud)\,gf{3) - {ud)\_,gf{3)\ 
+^,\4^ni,2,3) [(W)45f (3) - (W)4i^f (3)]} |0) . 



(43) 



16 



For = 2, we have 6 independent amplitudes 



udg 



■ ij 



+ktAi^ud-^^{l, 2, 3) [{ud)l,gf{3) 
+^2\^2\^S(1, 2, 3) [{ud)\^,gf{3) 

+A;+^A;2\^iJ)(l,2,3) \{ud)l^o9lH^) 



+kt±kLi^u!h^, 2, 3) (3) 



|0). 



For Iz = 3, we have 4 independent amphtudes, 



rf[l]ci[2]d[3]l^Ufc^x)'V^12(l>2,3) M)l,,_,^7r(3) 



+ fe)'^ij^(l,2,3) [M)^,_,^;H3) 
+ {kt^fkt^i^^^fil, 2, 3) (3) 



udg 

+A:+^(A:i)VS^l,2,3) M^,.i^7f(3) MO) . 



at/ 



(44) 



(45) 



In total, we have 20 amplitudes, compared with the A = case where we have only 9. For 
simplicity, we will not consider those amplitudes with four partons. 



V. WAVE-FUNCTION AMPLITUDES FOR THE NUCLEON 

In this section, we enumerate the number of independent amplitudes for the nucleon, and 
more specifically for the proton. For the neutron, one just interchange the up and down 
quarks assuming isospin symmetry. Our expansion is also valid for the whole baryon octet, 
except the flavor structure need to be modified accordingly. 

We consider only the state with positive helicity. The negative helicity state can be 
obtained simply from the modified parity transformation Y . Three quark amplitudes have 
been studied extensively in Ref . 5] . The new result here includes three quark plus one gluon 
amplitudes. One can add an additional pair of sea quarks into the valence component, but 
the result is very complicated and we will not show it here. 



A. The uud Component 

The quark distribution amplitudes describing_the three-quark component of the proton 
have been studied extensively in the literature [3, 2lL JE, HH. The wave-function 
amplitudes keeping full partons transverse-momentum dependence have been studied in 
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Ref. j5[. From the approach advocated here, we immediate have for h = and Iz = 1, 

\P T)!rr.° = / dm2]d[3] 2, 3) + ^e'^^h^h,^^iil, 2, 3)) 

x^wl^(l) {ul{2)dl{3) - 4(2)4^(3)) |0) , (46) 
1^ T)it = / dm2]d[3] (fc+^C^l, 2, 3) + 2, 3)) 

(«l^(l)«t^(2)4,(3) - 4(1)^.5,(2)4^(3)) |0) . (47) 

For Iz = —1, we have 

i^T)iT' = / diiwm fc2-^^itUi,2,3) 

x^«l,(l) («]^(2)4(3) - 4^(2)4^(3)) |0) , (48) 
where we have used quark 2 and 3 anti-symmetry. Likewise, we have, 
I^T)it = / dm2]d[3] A:+^A:3\^fi,(l,2,3) 

x^4(l) [dli2)ul{3)-ul{2)dl{3)) |0) . (49) 

where, in principle, there is an additional term k2j_k^_iip^Ji{l,2,3). However, after using 2 
and 3 anti-symmetry and 1 and 2 symmetry, it can shown that this term can be reduced to 
the term shown above. 

B. The uud + g Component 

Let us first consider the isospin symmetry. With three quarks uud, one can construct 
two possible 1 = 1/2 isospin combinations: 

u{ud — du) , 
2duu — udu — uud 

However, the second flavor structure can be reduced to the first one after some shuffling of 
the particle labels. Therefore, we shall only consider the first structure for the flavor wave 
function, taking into account all possible color and spin assignments for the three quarks 
and one gluon. 

Since the gluon belongs to color-octet, the three quarks must couple to a color-octet. For 
the three quarks, Mj, Mj, (i^., there are two possible ways to couple to color-octet 

3x3x3 = (6 + 3)x3 = l + 8 + 8 + 10. 

We can have the flrst two quarks couple to 3, and then couple them to the third quark to form 
a color-octet. In this case, we have an overall color factor, e^-^'T^^. Similarly, we can also have 
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(50) 



other two color factors, e-^'^'T;" and e^^^T^. However, the above three are not independent, 
because ^^^^T^j. + ^^^^T^i + e'^^'TJ" = 0. If we use the isospin structure Uiiujdk — djUk), the 
best way to select the two independent color structures is to have the indices of jTc to be 
antisymmetric or symmetric: 

For the Fock component of uudg, the total quark helicity can be Xuud = —3/2, — 
1/2, 1/2, 3/2, and the gluon helicity A^, = ±1. The parton orbital angular momentum 
projection can have the following values, Iz = 0, 1, 2, 3, —1, —2. 

For Iz = 0, the parton helicity can either be Xuud = 3/2 and Xg = —1, or Xuud = —1/2 
and Xg — 1. For the first case, because the total quark hehcity Xuud = 3/2, the three quarks 
are all in helicity-1/2 states, and wc only have one spin structure, i.e., Ui^{uj^dk'i — dj^Uk^). 
Therefore, we can write down 3 independent amplitudes, 

1^ T)S = / d[i]dm3m 

{^uldgih 2, 3, 4) + ie^%ak2p^'^Uh 2, 3, 4) + ie''''k,^hp^l^'^ig(l, 2, 3, 4)) 

ul^il) U^{2)dl{3) - 4t(2)4t(3)) (4)1 |0) . (52) 



^Jklrpa 

X 

2 

Here, we have used the 2 3 symmetry to reduce the number of the independent amphtudes. 

For example, ie'^^kiak^p term can be obtained from ie"^kiak2f} by 2 and 3 exchange, and 
hence the former is not independent. We have the following (anti) symmetric properties for 

some amplitudes, ^1^^.(1, 2, 3, 4) = -^^^lg{l^ 3, 2, 4) and ^^,^(1, 2, 3, 4) = ^^(^^,^(1, 3, 2, 4). 

In the second case, the total quark hehcity Xuud = —1/2. There are three possible spin 
structures for the three quarks, 

«,Kl)(«,i(2)4T(3)-rf,i(2)n,t(3)) , 
Mii(l) (%T(2)4i(3) - dj|(2)Mfe^(3)) , 

«,t(l) («,i(2)4i(3) - c^ii(2)«,i(3)) . (53) 

However, the associated color structures indicate that there is a (anti) symmetric relation 
between the two indices j and k. Thus, the first two spin structures are equivalent to each 
other under 2 and 3 exchange. In the following, we will only keep one of the first two spin 
structures. The above observation also applies to the total quark helicity Xuud = 1/2 case. 
Taking into account this, we find 7 independent amplitudes 



1^ T)it = j dilWWm { (^15,^(1, 2, 3, 4) + ^6"'^fcl„fc2/3^2,,(l, 2, 3, 4) 
Me<^Pk,^k,pi:%{l, 2, 3, 4) + ie'^^k,^k,pi:^2d,i^, 2, 3, 4)) 

K(l) (^T(2)4i(3) - 4T(2)4i(3)) 5f (4)_ 
(V'Sd.ll, 2, 3, 4) + ie^%ak2pi^^ig{l, 2, 3, 4) + ie^^akspi^'^^^lil, 2, 3, 4)) 

4(1) {ul{2)dl{3) - 4,(2)4,(3)) g;\4)] | |0) . (54) 



+ 



^Jklj^a 
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Again, the 2 and 3 symmetry in the above equation has been used to reduce the number of in- 
dependent ampUtudes. Moreover, it imphes the relations V'iuds (-'-' 2' 2' 4) — ~'^uudgi^i ^' 2' 4) 
and ^lt°i(l,2,3,4) = ^it°i(l>3,2,4). 

For Iz = 1, the parton hehcity can either be Xuud =1/2 and Xg = —1, or Xuud = —3/2 
and Xg — 1. In the first case, we define 10 independent amphtudes 



I p ■t\lz = ^ 

I I / uudg 



d[i]dm3m { (^;i(V'i2,(i, 2, 3, 4) + ie'^'^^2a^3^V'S(i, 2, 3, 4)) 



+^2\(Ci(l, 2, 3, 4) + te'^^h^h^ijttih 2, 3, 4)) 
+^3\(Ct(l' 2. 3, 4) + ie°^A;i.A;2/3V'i2,(l, 2, 3, 4))) 



(«]T(2)4i(3) - 4t(2X(3)) (4)_ 
+ {K±ii^'ullgii, 2, 3, 4) + ie^^hah^i^'^^^lil, 2, 3, 4)) 
+^2\(C'i(l, 2, 3, 4) + i6"^A;i«A;3^C°y 1, 2, 3, 4))) 

1^(1) (k,V2)4^(3) - 4,(2)4^(3)) (4)] |0) 



(55) 

The symmetry between 2 and 3 leads to ■0^^^j^(l, 2, 3, 4) = —■0^^^^(1,3,2,4) and 
V'lldg(l) 2, 3, 4) = i^uudgi^^ 3, 2, 4). In the second case, we define 4 independent amplitudes 

1^ T)it = / rf[l]rf[2]^^[3]d[4] (^;i(Ci(l, 2, 3, 4) + ie"^^2a^3^V'a(l, 2, 3, 4)) 
^2\(Ci(l, 2, 3, 4) + ^e"'^fcl„fc3/3Ci(l, 2, 3, 4))) 



+ 



<(1) k\(2X(3) - 4i(2)4i(3)) ^/f (4)1 |0) , 



(56) 



where 1, 2, 3, 4) = -0^,(1, 3, 2, 4) and ^^^^(l, 2, 3, 4) = ^^.(l, 3, 2, 4). 

For Iz = 2, the parton helicity must be Xuud — —1/2 and = —1. We define 15 
independent amplitudes 



I p -^■\^z=2 
I I / uudg 



d[l]d[2]d[3m { ((A;,\)^(^i2^(l, 2, 3, 4) + ie'^^h^h^i^^Xi^, 2, 3, 4)) 



HkLfi^uulgi^, 2, 3, 4) + z6"^/ci«%vS(l, 2, 3, 4)) 
+(^3\)'(Ci(l, 2, 3, 4) + ^e'^^h^k2p^^^^:l{l, 2, 3, 4)) 
+kt±kt±^^ulg{h 2, 3, 4) + A;,\fc3\0S,(l, 2, 3, 4) + K^kt^i^^^i^, 2, 3, 4)) 

^(1) (Hj,(2)4^(3) - 4,(2)4^(3)) gf{4)_ 

+ {{kt^n^uulih 2, 3, 4) + ie^^k^.ksfsij'^Xi^, 2, 3, 4)) 
+ 2, 3, 4) + ^6"^^l«%V^2 ri, 2, 3, 4)) 
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+^1^^2^2.(1, 2, 3, 4) + ^2^^3^2,(1, 2, 3, 4)) 

" 'ul^il) (u],(2)4^(3) - 4,(2)4^(3)) 5f (4)] |0) , 



(57) 



where ^^^(1, 2, 3, 4) = -^^'(1, 3, 2, 4) and 2, 3, 4) = 3, 2, 4). 



, (34,39) 



(35) 



,(35) 



For Iz = 3, the parton helicity must be Xuud 
dent amplitudes: 



3/2 and A„ 



■1. We define 8 indepen- 



l^' T)!r„t = / dm2]d[3m {{ktJH^^:i{l, 2, 3, 4) + ie'^^h^h.^^lil, 2, 3, 4)) 

+ (^2\)'(^S(1, 2, 3, 4) + te-^h^h,^p^:iil, 2, 3, 4)) 
+ iK±rkt±^^l{^, 2, 3, 4) + {KJ'kt^^P^l{l, 2, 3, 4) 
+{kt±nt^i^^lil, 2, 3, 4) + kt^kt^kt^i^i^^lil, 2, 3, 4)) 

K(2)4i(3) -4(2X(3))^f (4)] |0) , 



Jklrpa 



(58) 



where ^^X^ (1' 2, 3, 4) = -^itdf (1, 3, 2, 4) and ^lt'i(l, 2, 3, 4) = ^^(1, 3, 2, 4). 

For Iz — —1, the parton hehcity must be Xuud = 1/2 and = 1. In this case, we define 
10 independent amphtudes 



|PT) 



uudg 



d[l]d[2]dmA] { (fcr±(C'j,(l, 2, 3, 4) + ^e^^k,^k,p^^2g{'^, 2, 3, 4)) 
+^2"1(V'S(1, 2, 3, 4) + ^e'^^k,^k,p^P^^X^l, 2, 3, 4)) 
+^3"±(d(l, 2, 3, 4) + ie^'^/.i^A^^^^Cill, 2, 3, 4))) 
" [u],{2)dl{2,) - 4,(2)4^(3)) (4)_ 

(1, 2, 3, 4) + ^6"^A:2.A:3^V^iS,(l, 2, 3, 4)) 
+^2±(V'S(1, 2, 3, 4) + ^e"^^l„%V^Ji(l, 2, 3, 4))) 

^jklrpa 



X 



X- 



4(1) U,V2)4(3) - 4,(2)4,(3) 5^(4) |0) 



(59) 



where ^(^.(l, 2, 3, 4) = 3, 2, 4) and 1, 2, 3, 4) = ^'^(1, 3, 2, 4). 

Finally, for 1^ — —2, the parton hehcity must be Xuud = 3/2 and Ag = 1. We find 6 
independent amplitudes 



',(54) 



,(55) 



,,(55) 



I P t\^z=~-^ 
I I / uudg 



dilWWm ((^rx)'!^,!!, 2, 3, 4) + z6"^^2a%Ci(l, 2, 3, 4)) 



+(^27)'(V'a(l, 2, 3, 4) + ie-'k,^k,pi^^:Xi^, 2, 3, 4)) 

+K^k-±i'uudgi:^. 2, 3, 4) + /.^xA^sxV^S^l, 2, 3, 4)) 

1,(1) («],(2)4,(3) - 4,(2)4,(3)) gf{A)\ |0) , 



^Jklrj^a 



(60) 
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where CT'(1,2,3,4) = (1,3,2,4) and CX(1'2,3,4) = 3, 2, 4). 

The wave-function amplitudes for the other color structure (e^-^'T^^ + e*^'T^")/4, can be 
defined similarly, except the sign changes in the symmetric properties for some amplitudes. 
We have in total of 63 x 2 = 126 independent amplitudes for the uudg Fock component in 
the proton. 

Note that the above construction is not unique, where we have first considered the correct 
flavor structure for the three quarks, and then added all possible spin and color combinations. 
One can also start with a general spin structure for the three quarks, and then consider the 
isospin constraints. For example, for the total quark helicity Xuud = 3/2, the general spin 
structure will be 

0(1,2,3)6^^'T,>1^(1)«J^(2)4^(3)|O) , (61) 

with the color coupling e^-^'T^^. This color structure says that indices i and j are antisym- 
metric, and the associated wave function amplitude 0(1, 2, 3) has 1^2 symmetry. The 
isospin constraint indicates the following relations for the three quark amplitude, 

0(1, 2, 3)6*^'T« («l^(l)n]^(2)4^(3) + «1^(1)4V2)4^(3) + 4(1)«]^(2)4^(3)) |0) = . (62) 

Applying the above relation to Eq. (j61|) . and taking into account the 1-^2 symmetry for 
0(1, 2, 3), one has for the component, 

0'(1,2,3)6^^'T>;^(1) (nj^(2)4^(3) - 4^(2)4^(3)) |0) , (63) 

where the isospin wave function for proton is explicit, and 0'(1, 2, 3) = 0'(2, 1, 3). The similar 
analysis can be performed for the Xuud = ±1/2 case. Working through all possibilities, we 
arrive at a different set of wave-function amplitudes, which are essentially equivalent to the 
above construction. As a check, for every orbital angular momentum projection 1^, we find 
the same number of the independent amplitudes. 



VI. WAVE-FUNCTION AMPLITUDES FOR THE DELTA RESONANCE 

In this section, we extend the above classification of the wave-function amplitudes to the 
baryon decuplet, assuming again these are bound states. We consider one specific example, 
the delta resonance, and other baryon decuplets can be obtained by changing the flavor 
structure. The distribution amplitudes for the resonance have been studied in Refs. 
0, H^. A++ has two independent hehcity states, A = 3/2 and 1/2, and the other two 
helicity states A = —3/2, —1/2 can be obtained by using the Y transformation Eq. (jSJ. 

Here we classify only the three-quark amplitudes, and the total quark helicity is Xuuu = 
3/2, 1/2, -1/2, -3/2. We first consider A++ with helicity A = 3/2, The quark orbital 
angular momentum projection then has the following values Iz = 0, 1, 2, 3 respectively. 
According to the method in the previous sections, we find 6 independent wave-function 
amplitudes, 

|A,A = 3/2)i=° = / rf[l]d[2]rf[3](7Ail(l,2,3)+26<^^fci«A:2/3^il(l,2,3)) 



x^4^(l)«]^(2)4^(3)|0) , (64) 
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|A,A = 3/2) 



uuu 



X 



|A,A = 3/2) 



uuu 



rf[l]d[2]d[3]fc,\^ll(l,2,3) 

^4(l)w]^(2)4^(3)|0) , (65) 
d[l]d[2]d[3] {kt^kt^^^^lil, 2, 3) + A:2\fc3\^(l(l, 2, 3)) 

(66) 



Jjk 



|A,A = 3/2) 



L=3 
uuu 



rf[l]rf[2]rf[3] kt^kt^kt^^(±{l,2,3) 
x^4(l)^]i(2)4i(3)|0) , 



(67) 



where we have used symmetry to reduce the number of independent amphtudes. 

For the hehcity A = 1/2 state of the A"*""*" resonance, the classification is similar. The 
total quark helicity is the same as the above, but the orbital angular projection can be 
1^ = 0, —1, 1, 2. As a result, the three quark Fock component for A++(A = 1/2) has the 
following 5 independent wave-function amplitudes. 



|A,A=l/2) 



lz=0 
UUU 



d[l]d[2]d[3] (V'iKl, 2, 3) + ^e"^A;i„A;2;3^il(l, 2, 3)) 



Jjk 



x—ulJl)u]J2)uU3)\0) 



(68) 



|A,A = 1/2) 



UUU 



f/[l]d[2]rf[3]/c2\V^(l(l,2,3) 
x^«J^(l)w]^(2)4^(3)|0) , 



|A,A = 1/2) 



UUU 



d[l]d[2]d[3] fc-xV^(l(l,2,3) 
x:^nj^(l)n]^(2)4^(3)|0) , 



|A,A = 1/2) 



h=2 
uuu 



d[l]d[2]d[3] fc+^fc2Vil(l,2,3) 
x^<(lKV2ki(3)|0) . 



(69) 



(70) 



(71) 



We will not go beyond the three-quark Fock components, although those can be classified 
similarly. 

Since the flavor structure for the baryon decuplet is completely symmetric, the light-cone 
expansion for the other states in the decuplet can be easily written down from the above 
results, apart from that the flavor structure need to be replaced accordingly. For example, 
the A"*" resonance has the symmetric flavor structure in the form of {uud + udu + duu) / \/3. 
Substituting this into the above equations, the hght-cone expansion of A"*" for the three 
quark Fock component can be obtained. These amplitudes, together with those for the 
proton, are needed to calculate the proton-delta transition form factors in the asymptotic 
limit of QCD HHIsi. 
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VII. ASYMPTOTIC SCALING OF WAVE-FUNCTION AMPLITUDES 



One of the important applications of the hght-cone wave-function amphtudes is to calcu- 
late hard exclusive processes. The relative importance of a particular amplitude in a process 
can be determined from its scaling behavior when the parton transverse-momenta become 
large. In this section, we follow the discussion in Ref. and derive a general power counting 
rule for the light-cone amplitudes of any Fock components of a hadron state. As examples, 
we consider the asymptotic scaling of some amplitudes defined above for the Tr"*" and proton. 

Let ipn{xi, ki,lzi) be a general amplitude describing a n partons Fock component of a 
hadron state with orbital angular momentum projection of Iz = Yli^zi- To find the asymp- 
totic behavior of ipnixi, ki, Izi) in the limit that all transverse momenta are uniformly large, 
we consider the matrix element of a corresponding quark-gluon operator between the QCD 
vacuum and the hadron state 



(o|0^,(ei)....0^„(en)|PA) , (72) 

where are parton fields such as the "good" (+) components of quark fields or F~^°' of gluon 
fields, and /i, are Dirac and transverse coordinate indices when appropriate. All spacetime 
coordinates C,i are at equal light-cone time, ^l' = 0. Fourier-transforming with respect to 
all the spatial coordinates (^~,^i_L), we find the matrix element in the momentum space, 
(O|0^i(/ci)....0^„_i(/c„_i)0^„(O)|pA) = V'/.i,...,/.„(A;i,...,A;„_i), here we have just shown n-1 
parton momenta because of the overall momentum conservation. The matrix element can 
be written as a sum of terms involving projection operator F^^ ^^{ki±) multiplied by scalar 
amplitude ^pnA{xi, ki±, l^i): 

{0\(f)f,,{ki)....(f)f,^_^{kn^i)(j)f,^{0)\pA) = 

= J2^i...,^hM''\x,,k,^,h^) , (73) 

A 

where the projection operator F"^ contains Dirac matrices and is a polynomial of order in 
carton momenta. For example, the two quark matrix element of the pion can be written as 



(OM+^(0)m+,(x, A;x)|vr+(P)) 



(75 FUi^l^ix, k^, h = 0) + (75^T-").^P+A;^.V'S(^' = 1) ' (74) 



where the projection operators are shown manifestly. More examples for the proton matrix 
elements can be found in Ref. Q. 

The matrix element of our interest is, in fact, a Bethe-Salpeter amplitude projected onto 
the light cone. One can write down formally a Bethe-Salpeter equation which includes 
mixing contributions from other light-cone matrix elements. In the limit of large transverse 
momentum ki±, the Bethe-Salpeter kernels can be calculated in perturbative QCD because 
of asymptotic freedom. In the lowest order, the kernels consist of a minimal number of gluon 
and quark exchanges linking the active partons. For the lowest Fock components of the pion 
wave function, one gluon exchange is needed to get a large transverse momentum for both 



quarks [IJ]. As we shall see, asymptotic behavior of the wave function amplitudes depends 



on just the mass dimension of the kernels. 
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Schematically, we have the following equation for the light-cone amplitudes, 



A 

= X] / ^^^l-"^^^"'-l^"i-,«n,/3i,...A'(^»'^i)^/3i.-..,/3„/(?l'-"'?n'-l) (75) 
n',/3i,.. .,/?„, 

where -ffai,...,Q„,/3i,...,/3^, are the Bethe-Salpeter kernels multiplied by the parton propagators. 
When the parton transverse momenta are uniformly large, the kernels can be approximated 
by a sum of perturbative diagrams. The leading contribution to the amplitudes on the 
left can be obtained by iterating the above equation, assuming the amplitudes under the 
integration sign contain no hard components. As such, the integrations over can be 
cut-off at a scale /i where k± ^ fi ^ Aqcd, and the dependence in H can be expanded in 

Taylor series. In order to produce a contribution to iljii^\xi, ki±, Izi), the hard kernels must 
contain the projection operator ^.^(fci, kn-i)- Hence we write 

Hai...,a„,l3u...,f3!^iqi, h) 

= ^^a^...aAki±)HAB{Xuki^,yi)T^^^p^^X9i±) ^ (76) 
A,B 

where ^ ,('?i±) is again a projection operator and HAB^Xi, ki,yi) are scalar functions of 
the transverse momenta ki± invariants. Substituting the above into Eq. ()75|) and integrating 
over gr, 

zi ) 

X / dyi...dyn'-iHAB{xi,ki,yi) / d'^qi^...d'^q(^n'-i)±'r^^...p^Xli-L)'^Pi,...,f3„Xyi^(li) 
/ dyi...dyn'-iHAB{xi,ki,yi) / (i^gi_L...(i^g(n'-i)±r|^.../3^,(^*-L) 



BAA 

xTl,„p^X(l^l-W\y^.<l^^X^) , (77) 

where the integrations over g^x are non-zero only when the angular momentum content of 
and is the same. Now the large momenta ki_[_ are entirely isolated in Hab which does 
not depend on any soft scale. The asymptotic behavior of i)^\kii_) is determined by the 
mass dimension of Hab-, which can be obtained, in principle, by working through one of the 
simplest perturbative diagrams. 

A much simpler way to proceed is to use light-cone power counting in which the longi- 
tudinal mass dimension, such as , can be ignored because of the boost invariance of the 
above equation along the z direction. We just need to focus on the transverse dimensions. 
The mass dimension of the light-cone wave function amplitude ipn can be determined as 
follows: Assume the hadron state is normalized relativistically {P\P') = 2E{27r)^S^{P' — P), 
\P) has mass dimension —1. Likewise, the parton creation operator a| has mass dimension 
— 1. Given these, the mass dimension of ipn is —{n+ — 1) according to Eq. ((Tj). The 
mass dimension of V'n(ij) term in ((Tj), however, is —{n + + 1) which can be accounted for 
by the previous formula with an effective angular momentum projection \ +2. 
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Now considering Eq. (fTTjl . since the mass dimension of the amphtude ilj^\xi, ki±, Izi) is 
— {n + \lz\—l), that of r^F"^ is 2|/^|, and the integration measure 2(r?,' — 1), a balance of 
the mass dimension yields [Hab] = — (^^ — 1 + (n' — 1 + Therefore, the leading 

behavior of the wave function amplitude goes as p 

which is determined by a mixing amplitude with smallest n' + |/^|. Since the wave function 
amplitude has mass dimension of — (n+ — 1), the coefficient of the asymptotic form must 
have a soft mass dimension A^q^'^^^'^^^ ^. 

We have the following selection rules for amplitude mixings. First of all, because of 
angular momentum conservation, wave function amplitudes belonging to different hadron 
helicity states do not mix. Second, because of the vector coupling in QCD, the quark helicity 

(2) 

in a hard process does not change. Therefore, the pion amplitude ijj^^ does not mix with 

ijj'^^ because the total quark helicity differs. An example of the nontrivial amplitude mixing 
is between the pion's two-quark-one-gluon and two-quark amplitudes. 

The power counting rule Eq. (ffF?|) can be used to predict the scaling behaviors for all 
the light-cone wave function amplitudes we have written down in the above for the mesons 
and baryons. We will not go into much details about these predictions, rather we consider 
some examples for the vr"*" and proton. According to Eq. ()78|) . the scaling behaviors for the 
two-parton light-cone amplitudes of vr"*" are 

^^2(1,2)^1/^1, ^2(1'2)-1A1- (79) 
The udg Fock amplitudes have the following scaling, 

^(W,5,6)^^^ 2, 3) ~ 1/ki, 2, 3) ~ 1/kl, (80) 

where the mixings with the two-parton components give the dominant contribution at large 
k^. 

For the three quark Fock component of the proton, we have the following scaling behaviors 
for the light-cone amplitudes, 

^tr'-i/ki. €L-i/ki. (81) 

Here, the scaling behaviors of 'ipuud''^'^'^^ large k± are determined by self mixings, while 
that of V'w determined by mixing with V'w- 



VIII. SUMMARY AND CONCLUSION 

Following Ref. 0], we studied in this paper how to classify the independent wave-function 
amplitudes for a hadron state. We discussed in detail how the spin, flavor (for quark) and 
color of the partons are systematically coupled. We have found the these amplitudes for 
pion and proton up to and including four partons. We also worked out the leading light-cone 
wave amplitudes for the A resonance and the p meson. 
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A general power counting rule for the light-cone wave function amplitude has been derived 
based on perturbative QCD Using this rule, we have predicted the asymptotic scaling 
behavior of a number of amplitudes for vr"*" and the proton. This general power counting 
rule can be used as a constraint in modeling the light-cone wave function amplitudes. 

Many applications can be made based on the formalism presented here. One example 
is the generalized power counting rule for high energy exclusive processes 0, including 
processes involving nonzero parton orbital angular momentum and hadron helicity flip. A 
number of processes have been briefly discussed in A more detailed discussion of the 
generalized counting rule will be presented elsewhere. In a different direction, one can 
also parameterize the light-cone wave function amplitudes and fit them to many relevant 
experiment data, such as the elastic form factors, parton distributions, and generalized 
parton distributions. 

X. J. and F. Y. were supported by the U. S. Department of Energy via grant DE-FG02- 
93ER-40762. J. P.M. was supported by National Natural Science Foundation of P.R. China 
through grand No. 19925520. 
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